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We study quantumHall states for two-component particles (hardcore bosons and fermions) loading
in topological lattice models. By tuning the interplay of interspecies and intraspecies interactions, we
demonstrate that two-component fractional quantum Hall states emerge at certain fractional filling
factors ν = 1/2 for fermions (ν = 2/3 for bosons) in the lowest Chern band, classified by features
from ground states including the unique Chern number matrix (inverse of K-matrix), the fractional
charge and spin pumpings, and two parallel propagating edge modes. Moreover, we also apply our
strategy to two-component fermions at integer filling factor ν = 2, where a possible topological Neel
antiferromagnetic phase is under intense debate very recently. For the typical pi-flux checkerboard
lattice, by tuning the onsite Hubbard repulsion, we establish a first-order phase transition directly
from a two-component fermionic ν = 2 quantum Hall state at weak interaction to a topologically
trivial antiferromagnetic insulator at strong interaction, and therefore exclude the possibility of an
intermediate topological phase for our system.
I. INTRODUCTION
Fractionalized topological ordered phases in topolog-
ical flat bands have attracted intense attention in the
past few years1. They emerge as the ground state of
interacting many-body systems at the fractional fillings
of topological bands in the absence of a magnetic field,
in analogy to the fractional quantum Hall (FQH) states
in two-dimensional Landau levels2–5. Topological flat
bands with higher Chern number C have been revealed
to host a series of Abelian single-component FQH states
emerge at fillings ν = 1/(C + 1) (for hardcore bosons)
and ν = 1/(2C + 1) (for spinless fermions)6–13, which
are believed to be color-entangled lattice versions of mul-
ticomponent Halperin (mmn) FQH states14 in a single
Chern band15–17. Much stronger evidence comes from a
hidden symmetry of particle entanglement spectrum, as
discussed in Ref.9. However, a closely related problem is
that no direct evidence for the integer valued symmetric
K-matrix has been revealed, which is believed to classify
the topological order at different fillings for multicompo-
nent systems18–21.
Here we numerically address the possibility of multi-
component quantum Hall states in topological flat band
models filled with interacting two-component (or bilayer)
particles, where “two-component” serves as a generic la-
bel for spin or pseudo-spin (bilayer, etc.) quantum num-
ber. Different from the single-component case, there
are more tunable parameters in two-component systems,
like interspecies interaction whose magnitude can be
tuned through Feshbach resonance in cold atom set-
ting22. When the spin degrees of freedom are included,
one would expect many more exotic phases to occur,
such as quantum Hall ferromagnetism23–25, and a rich
class of fractional quantum Hall states including Halperin
(331) states for two-component fermions26–31 and spin-
singlet incompressible states including Halperin (221)
states for two-component bosons32–36 previously stud-
ied for the lowest Landau level systems. Thus it is
interesting to study the effect of interspecies interac-
tions on two-component quantum Hall states in topo-
logical lattice models. Experimentally, the Haldane hon-
eycomb insulator has been achieved from two-component
fermionic 40K atoms with a tunable Hubbard repulsion
in a periodically modulated honeycomb optical lattice37.
For two-component bosonic atoms 87Rb in different hy-
perfine spin channels, the two-dimensional Hofstadter-
Harper Hamiltonian is also engineered in the optical
lattice with time-reversal symmetry38. These advances
would open up new possibilities of studying the multi-
component quantum Hall effect for bosons and fermions
in topological lattice models.
The aim of this paper is to provide compelling numer-
ical evidence of K matrix classifications for both frac-
tional Halperin and integer quantum Hall states in sev-
eral microscopic topological lattice models through exact
diagonalization (ED) and density-matrix renormalization
group (DMRG) methods. By tuning the interspecies and
intraspecies interactions, we show that for a given frac-
tional filling factor, the many-body ground states in the
decoupled limit evolve to a set of degenerate states sepa-
rated from the higher-energy spectrum by a finite gap in
the strongly interacting regime, whose topological nature
is described by the K-matrix20. In addition, the topolog-
ical properties of these states are also characterized by (i)
fractional quantized topological invariants related to Hall
conductance, and (ii) degenerate ground states manifold
under the adiabatic insertion of flux quanta. For inte-
ger quantum Hall states, we mainly focus on their phase
transition nature driven by onsite interspecies interac-
tions, and demonstrate their first-order characteristics
from discontinuous behaviors of related physical quan-
tities at the transition point.
This paper is organized as follows. In Sec. II, we give a
description of the Hamiltonian of two-component quan-
tum particles in two types of topological lattice mod-
els, such as pi-flux checkerboard and Haldane-honeycomb
lattices. In Sec. III, we study the ground states of these
2two-component particles in the strong interaction regime,
present numerical results of the K matrix by exact diag-
onalization at fillings ν = 2/3 for spinful hardcore bosons
and ν = 1/2 for spinful fermions in Sec. III B, and dis-
cuss the properties of these ground states under the in-
sertion of flux quanta. In Sec. III C, we calculate the
adiabatic charge and spin pumping from DMRG, and
demonstrate the quantized drag Hall conductance. In
Sec. III D, we discuss the momentum-resolved entangle-
ment spectrum of these two-component FQH states. In
Sec. IV, we discuss the role of interspecies onsite inter-
action on the Cq = 2 integer quantum Hall state for
two-component fermions at ν = 2. Finally, in Sec. V, we
summarize our results and discuss the prospect of inves-
tigating nontrivial topological states in multicomponent
quantum gases.
II. THE MODEL HAMILTONIAN
Our starting point is the following noninteract-
ing Hamiltonian of two-component particles (hardcore
bosons and fermions) in topological lattice models, such
as the pi-flux checkerboard (CB) lattice,
HCB = −t
∑
σ
∑
〈r,r′〉
[
c†r′,σcr,σ exp(iφr′r) +H.c.
]
± t′
∑
σ
∑
〈〈r,r′〉〉
c†r′,σcr,σ − t
′′
∑
σ
∑
〈〈r,r′〉〉
c†r′,σcr,σ +H.c., (1)
and Haldane-honeycomb (HC) lattice
HHC = −t
′
∑
σ
∑
〈〈r,r′〉〉
[c†r′,σcr,σ exp(iφr′r) +H.c.]
− t
∑
σ
∑
〈r,r′〉
c†r′,σcr,σ − t
′′
∑
σ
∑
〈〈r,r′〉〉
c†r′,σcr,σ +H.c., (2)
where c†r,σ is the particle creation operator of spin σ =↑, ↓
at site r, 〈. . .〉,〈〈. . .〉〉 and 〈〈〈. . .〉〉〉 denote the nearest-
neighbor, the next-nearest-neighbor, and the next-next-
nearest-neighbor pairs of sites, respectively. We take the
parameters t′ = 0.3t, t′′ = −0.2t for checkerboard lattice,
as in Ref.39, while t′ = 0.6t, t′′ = −0.58t for honeycomb
lattice, as in Refs.40,41. These parameters enhance the
flatness of the topological band and make quantum Hall
states more robust.
Consider the on-site interspecies and nearest neighbor-
ing intraspecies interactions
Vint = U
∑
r
nr,↑nr,↓ + V
∑
σ
∑
〈r,r′〉
nr′,σnr,σ (3)
where nr,σ is the particle number operator of spin-σ at
site r. The model Hamiltonian becomes H = HCB+Vint
(H = HHC + Vint). Here, U is the strength of the
interspecies interaction while V is the strength of in-
traspecies correlations in topological flat bands, play-
ing the analogous role of Haldane pseudopotentials for
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FIG. 1. (Color online) Numerical results for the low energy
spectrum of (a) bosonic systems ν = 2/3, Ns = 3×N in dif-
ferent topological lattices at U = 10t, V = 0 and (b) fermionic
systems ν = 1/2, Ns = N × 4 in different topological lattices
at U = 10t, V = 20t.
two-component FQHE system in Landau levels30. For
strong Hubbard repulsion, two-component fermions in
the Haldane-honeycombmodel may exhibit various chiral
magnetic orderings or topological Mott insulator phase at
half-filling42,43.
In the ED study, we explore the many-body ground
state of H in a finite system of Nx × Ny unit cells (the
total number of sites is Ns = 2 × Nx × Ny). The to-
tal filling of the lowest Chern band is ν = 2N/Ns, where
N = N↑+N↓ is the total particle number with global con-
servation U(1)-symmetry. With the translational sym-
metry, the energy states are labeled by the total momen-
tum K = (Kx,Ky) in units of (2pi/Nx, 2pi/Ny) in the
Brillouin zone. For larger systems, we exploit DMRG on
cylinder geometry, and keep the number of states 1200–
2400 to obtain accurate results.
III. HALPERIN (221) AND (331) STATES
In this section, we present the numerical evidences of
two-component FQH states at filling factors ν = 2/3
and ν = 1/2 for bosons and fermions, respectively. Im-
portantly, the Chern number matrix (the inverse of K-
matrix) uniquely identifies these two-component FQH
states. The further information from ground state de-
generacies and charge (spin) pumpings is complementary
to and consistent with the Chern number matrix. The
Chern number matrix also provides an accurate predic-
tion for the transport measurement for experimental sys-
tems. Thus it is very important to numerically extract
this topological information for two-component particles
in topological flat band models.
A. Ground-state degeneracy
First, we demonstrate the ground state degeneracy on
torus geometry, which serves as a primary signature of
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FIG. 2. (Color online) Robustness of degenerate ground states
on the pi-flux checkerboard lattice vs the variations of in-
terspecies repulsion for: (a) bosonic systems N = 6, Ns =
2 × 3 × 3 at ν = 2/3, V = 0; (b) fermionic systems N =
6, Ns = 2 × 3 × 4 at ν = 1/2, V = 20t. The energies are
measured relative to the lowest ground energy. The momen-
tum sectors in which these degenerate FQH states emerge are
labeled explicitly with different colors while the other momen-
tum sectors are labeled by the cyan circle.
an incompressible FQH state. We consider finite-size
systems up to maximum particle number N = 8. In
Figs. 1(a) and 1(b), we show the energy spectrum of sev-
eral typical systems in strong interacting regime. The key
feature is that, there exists a well-defined and degenerate
ground state manifold separated from higher-energy lev-
els by a robust gap. For two-component hardcore bosons
at ν = 2/3, the ground states show three-fold quasi-
degeneracies; For two-component fermions at ν = 1/2,
we find that the ground state manifold hosts eight-fold
quasi-degeneracies. We also calculate the density and
spin structure factors for the ground states, and exclude
any possible charge or spin density wave orders as the
competing ground states, due to the absence of the Bragg
peaks in the results (We check them up to Ns = 2×4×4
sites using DMRG with periodic boundary conditions).
Next, we consider the effects of interspecies repulsion
on these topological phases. We first use ED to study
the evolution of the energy spectrum with U for the pe-
riodic system. As shown in Figs. 2(a) and 2(b), with
the decrease of U , the degeneracy is lifted and finally
disappears at U = 0, where the ground state becomes
a possibly metallic phase with vanishingly small exci-
tation energy gap. In usual FQH states, the occupa-
tion of each single-particle orbital is constant and equal
to the filling factor44. By diagonalizing the Ns × Ns-
matrix ρσ = 〈c
†
r′,σcr,σ〉, we obtain reduced single-particle
eigenstates ρσ|φα〉 = ρ
α
σ |φα〉 where |φα〉 (α = 1, . . . , Ns)
are the effective orbitals as eigenvectors for ρσ and ρ
α
σ
(ρ1σ ≥ . . . ≥ ρ
Ns
σ ) are interpreted as occupations. We
find that the occupations are close to the uniform filling
ρασ ≃ ν/2 for α ≤ Ns/2 with standard deviations of the
order 0.01, while ρα ≪ 1 for α > Ns/2 in the strongly
interacting regime, indicating an incompressible liquid
with particles uniformly occupying the Ns/2-orbitals of
the lowest Chern band. However, for U ≪ t, these eigen-
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FIG. 3. (Color online) Numerical results for the y-direction
spectral flow of fermionic systems N = 6, Ns = 2 × 3 × 4
at ν = 1/2, U = 10t, V = 20t: (a) θα↑ = θ, θ
α
↓ = 0; (b)
θα↑ = θ
α
↓ = θ.
values form a nonuniform distributions with standard de-
viations of the order 0.2, which are possibly compressible
liquid states. Thus, we remark that the emergence of
two-component FQH states is induced by suitable inter-
species and intraspecies repulsions.
B. Chern number matrix and K-matrix
To uncover the topological nature of the ground-state
manifold we extract the Chern number matrix. Here, we
utilize the scheme proposed by one of the current au-
thors in Refs.45,46. With twisted boundary conditions
ψ(rσ + Nα) = ψ(rσ) exp(iθ
α
σ ) where θ
α
σ is the twisted
angle for spin-σ particles in the direction-α, we plot the
low energy spectra flux under the variation of θασ . As
shown in Figs. 3(a) and 3(b), these ground states evolve
into each other without mixing with the higher levels.
For two-species hardcore bosons at ν = 2/3, the energy
recovers itself after the insertion of three flux quanta for
θα↑ = θ
α
↓ = θ or θ
α
↑ = θ, θ
α
↓ = 0, indicating its 1/3 frac-
tional quantization of quasiparticles. Interestingly, for
two-species fermions at ν = 1/2, the energy recovers itself
after the insertion of two flux quanta for θα↑ = θ
α
↓ = θ, or
after the insertion of four flux quanta for θα↑ = θ, θ
α
↓ = 0,
indicating its 1/4 fractional quantization of quasiparti-
cles. Meanwhile, the many-body Chern number of the
ground state wavefunction ψi is defined as
45,46
Ciσ,σ′ =
1
2pi
∫
dθxσdθ
y
σ′Im
(
〈
∂ψi
∂θxσ
|
∂ψi
∂θyσ′
〉 − 〈
∂ψi
∂θyσ′
|
∂ψi
∂θxσ
〉
)
(4)
For the three ground states withK = (0, 0) of two-species
hardcore bosons at N = 6, Ns = 2 × 3 × 3, by numeri-
cally calculating the Berry curvatures using m×m mesh
squares in the boundary phase space with m ≥ 9 we
obtain
∑3
i=1 C
i
↑,↑ = 2, and
∑3
i=1 C
i
↑,↓ = −1. Due to
the symmetry c↑ ↔ c↓, one has the symmetric proper-
ties Ciσ,σ′ = C
i
σ′,σ. All of the above imply a symmetric
4C-matrix in the spanned Hilbert space, namely,
C =
(
C↑,↑ C↑,↓
C↓,↑ C↓,↓
)
=
1
3
(
2 −1
−1 2
)
(5)
where the off-diagonal part C↑,↓ is related to the drag
Hall conductance. Thus we can obtain the K-matrix
which is the inverse of the C-matrix, namely K = C−1 =(
2 1
1 2
)
. Therefore, we establish that three-fold ground
states for two-species hardcore bosons at ν = 1/3 are
indeed Halperin (221) states in the lattice version, and
the three-fold degeneracy coincides with the determinant
detK, as predicted in Ref.47.
Similarly, for the eight ground states with K =
(0, i), (i = 0, 1, 2, 3) of two-species fermions at N =
6, Ns = 2 × 3 × 4, by numerically calculating the Berry
curvatures (using m×m mesh squares in boundary phase
space with m ≥ 9), we obtain
∑8
i=1 C
i
↑,↑ = 3, and∑8
i=1 C
i
↑,↓ = −1. The above results imply a symmetric
C-matrix, namely,
C =
(
C↑,↑ C↑,↓
C↓,↑ C↓,↓
)
=
1
8
(
3 −1
−1 3
)
(6)
Thus we can obtain the K-matrix which is the inverse of
the C-matrix, namely K = C−1 =
(
3 1
1 3
)
. Therefore,
we establish that eight-fold ground states for two-species
fermion at ν = 1/2 are indeed Halperin (331) states in
lattice version, and the eight-fold degeneracy coincides
with the determinant detK, as predicted in Ref.47.
With θx↑ = θ
x
↓ = θ
x and θy↑ = θ
y
↓ = θ
y, the many-body
charge Chern number of the ground state wavefunction,
related to charge Hall conductance, reads
Cq =
∫
dθxdθy
2pi
Im
(
〈
∂ψ
∂θx
|
∂ψ
∂θy
〉 − 〈
∂ψ
∂θy
|
∂ψ
∂θx
〉
)
= q ·C · qT =
∑
σ,σ′
Cσ,σ′ = ν, (7)
where q = (1, 1) is the charge eigenvector of K-matrix.
Similarly, with θx↑ = −θ
x
↓ = θ
x and θy↑ = −θ
y
↓ = θ
y,
we can also define the many-body spin Chern number
of the ground state wavefunction, related to spin Hall
conductance, as
Cs =
∫
dθxdθy
2pi
Im
(
〈
∂ψ
∂θx
|
∂ψ
∂θy
〉 − 〈
∂ψ
∂θy
|
∂ψ
∂θx
〉
)
= s ·C · sT = C↑,↑ + C↓,↓ − C↑,↓ − C↓,↑, (8)
where s = (1,−1) is the spin eigenvector of K-matrix.
From Eqs. 7 and 8, we conclude that to identify the na-
ture of these degenerate states, one can calculate the adi-
abatic charge and spin pumping by performing different
flux insertion simulations, which identify the total frac-
tionally quantized Hall and drag Hall conductances in
experiments, as will be shown below in Sec. III C.
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FIG. 4. (Color online) The charge and spin transfer with
inserting flux θ↑ = θ, θ↓ = 0 in the cylinder: (a) bosonic
systems on the Ny = 3 cylinder at ν = 2/3, U = 10t, V = 0;
(b) fermionic systems on the Ny = 4 cylinder at ν = 1/2, U =
10t, V = 20t. Here the calculation is performed using infinite
DMRG with keeping up to 1200 states.
C. Fractional charge and spin pumpings
To uncover the topological nature of two-component
FQH states, we further calculate the charge pumping un-
der the insertion of flux quanta on cylinder systems based
on the newly developed adiabatic DMRG48 in connection
to the quantized Hall conductance. It is expected that a
quantized charge will be pumped from the right side to
the left side by inserting a U(1) charge flux θ = 0→ 2pi.
The net transfer of the total charge from the right side to
the left side is encoded by Q(θ) = NL↑ +N
L
↓ = tr[ρ̂L(θ)Q̂]
(ρ̂L the reduced density matrix of the left part)
49. In or-
der to quantify the drag Hall conductance, we also define
the spin transfer ∆S by S(θ) = NL↑ − N
L
↓ = tr[ρ̂L(θ)Ŝ]
in analogy to the charge transfer.
As shown in Figs. 4(a) and 4(b), for bosons at ν = 2/3,
a fractional charge ∆Q = Q(2pi)−Q(0) ≃ 0.33 is pumped
by threading one flux quanta with θ↑ = θ, θ↓ = 0 in one
species of two-component gases, and a fractional charge
∆Q = Q(2pi) − Q(0) ≃ 0.66 ≃ ν would be pumped by
threading one flux quanta with θ↑ = θ↓ = θ in both of
two-component gases. For fermion at ν = 1/2, a frac-
tional charge ∆Q = Q(2pi) −Q(0) ≃ 0.25 is pumped by
threading one flux quanta with θ↑ = θ, θ↓ = 0 in one
species of two-component gases, and a fractional charge
∆Q = Q(2pi) − Q(0) ≃ 0.50 ≃ ν would be pumped by
threading one flux quanta with θ↑ = θ↓ = θ in both of
two-component gases.
The dynamical pumping process reveals the fractional
statistics of the pumped quasiparticle. Based on these
observations, we claim that the number of physically dis-
tinct stable quasiparticles is equal to the rank of the K-
matrix, and establish the pumping relationship that (i)
by threading the flux θ↑ = θ, θ↓ = 0 from θ = 0 to θ = 2pi
∆Q = C↑,↑ + C↓,↑, (9)
∆S = C↑,↑ − C↓,↑, (10)
and (ii) by threading the flux θ↑ = θ↓ = θ from θ = 0 to
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FIG. 5. (Color online) The momentum-resolved entanglement
spectrum for bosonic systems on the Ny = 6 cylinder of single
layer square lattice with Chern number two at ν = 1/3, U =
10t, V = 0. In each tower, the horizontal axis shows the
relative momentum ∆K = Ky − K
0
y (in units of 2pi/Ny) in
the transverse direction of the corresponding eigenvectors of
density matrix ρL. The numbers below the red dashed line
label the nearly degenerating pattern for the low-lying ES
with different momenta: 1, 2, 5, · · ·
θ = 2pi
∆Q =
∑
σ,σ′
Cσ,σ′ , (11)
∆S = 0. (12)
D. Chiral edge spectrum
Another “fingerprint” of chiral topological order is the
characteristic edge state usually described by the specific
Luttinger liquid theory, which can be revealed through
the low-lying entanglement spectrum (ES)50. Here we
examine the ES of these FQH states based on DMRG
method. Due to its difficulty of DMRG convergence for
two-component gases on the Ny > 6 cylinder, in order
to calculate the momentum-resolved entanglement spec-
trum, we stack the two-component topological checker-
board lattices into an equivalent single-layer square lat-
tice with Chern number two, as engineered in Ref.8,
where hardcore bosons at one-third filling host three-fold
degenerate ground states reminiscent of Halperin (221)
states. In such a construction, the original two degener-
ate edge modes in bilayer checkerboard lattices are dif-
fered by a momentum phase pi in the Brillouin zone of
the single-layer square lattice.
For hardcore bosons, as shown in Figs. 5(a-c), the
two branches of low-lying bulk ES appear with the level
counting 1, 2, 5, · · · , implying the gapless edge modes.
Since K has two positive eigenvalues, the edge excita-
tions would have two forward-moving branches in the
same direction in the charge sector ∆N = 0 as shown
in Fig. 5(b), consistent with theoretical analysis of spin-
singlet quantum Hall state in Refs.51–53.
Similarly for fermions, the edge excitations would also
have two forward-moving branches in the same direction.
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FIG. 6. (Color online) The momentum-resolved entangle-
ment spectrum for fermionic systems on the Ny = 8 cylin-
der of single layer square lattice with Chern number two at
ν = 1/4, U = 10t, V = 20t. In each tower, the horizontal
axis shows the relative momentum ∆K = Ky −K
0
y (in units
of 2pi/Ny) in the transverse direction of the corresponding
eigenvectors of density matrix ρL. The numbers below the
red dashed line label the nearly degenerating pattern for the
low-lying ES with different momenta.
As shown in Figs. 6(a) and 6(b), for odd charge sector
∆N = −1, two symmetric branches of ES appear with
the same level counting 1, 2, 5, · · · , differing by a phase
pi in the momentum. However, for even charge sector
∆N = 0, two asymmetric branches of ES appear with
different level countings 1, 1, 4, · · · and 0, 1, 3, · · · , differ-
ing by a phase pi in the momentum. Thus, without the
pi-phase shift, the total counting of two branches of ES
would be (a) 2, 4, 10, · · · for odd charge sector ∆N = −1
and (b) 1, 2, 7, · · · for even charge sector ∆N = 0, which
are consistent with the analysis of the counting of the
root configurations of the bilayer Halperin (331) edge ex-
citations in the lowest Landau level at half filling54.
IV. INTEGER QUANTUM HALL STATE
In this section, we consider the ground states at inte-
ger filling ν = 2N/Ns = 2 for two-component fermions
(N = N↑ +N↓), namely, one fermion per site. In nonin-
teracting cases U = 0, V = 0, the system is a topological
Chern insulator with quantized Hall conductivity two.
In the large repulsive case U ≫ t, it would be a trivial
antiferromagnetic Mott insulator as expected. Several
mean field studies of Haldane-honeycomb model indicate
a topologically nontrivial Ne´el antiferromagnetic insu-
lating phase in the intermediate interaction regime55–57,
supported by quantum cluster methods43. However re-
cent dynamical cluster approximation have revealed a
first order transition from Cq = 2 Chern insulator into a
trivial Mott insulator, with no evidence of topological an-
tiferromagnetic insulator as an intermediate phase58,59.
In the following discussion, we take the typical example
of pi-flux checkerboard lattice, and investigate the nature
of the interaction-driven transition using both ED and
6(a)
2 4 6 8 10 12 14
0
1
2
3
U/t
 
(E
−E
0) 
/t
 
 (b)
CB,N
s
=16
K=(0,0)
2 4 6 8 10 12 140
0.5
1
1.5
U/t
 
 (c)
C↑,↑
S( Q)
∆
s
/∆0
FIG. 7. (Color online) Numerical results for the y-direction
spectral flow of fermionic systems : (a) Two different checker-
board lattice geometries considered in our calculation; (b) The
low energy spectra as a function of onsite repulsion U for sys-
tem Ns = 16, N↑ = N↓ = 8 at ν = 2; (c) The manybody
Chern number C↑,↑ and antiferromagnetic spin structure fac-
tor S(Q) of the lowest ground state, and the spin excitation
gap ∆s as a function of onsite repulsion U . Here the param-
eters V = 0, t′ = 0.3t, t′′ = 0.
DMRG calculations.
For small system sizes, we present a ED diagnosis of
quantum phase transition of Fermi-Hubbard model from
weak interactions to strong interactions in pi-flux checker-
board lattice. Our current system size limit for ED cal-
culation is Ns = 16, N↑ = N↓ = 8. For simplicity, we
take t′ = 0.3t, t′′ = 0. The lattice geometry is indicated
in Fig. 7(a), with two different lattice sizes Ns = 16, 12.
In Fig. 7(b), we plot its low energy evolution as onsite
repulsion U increases. For weak interactions, there al-
ways exists a stable unique ground state with a large gap
separated from higher levels. When one flux quanta is
inserted, it would evolves back to itself. With twisted
boundary conditions as described in Sec. III B, we obtain
the K-matrix as a unit matrix
K = C =
(
1 0
0 1
)
. (13)
When U increases further, this ground state undergoes
an energy level crossing with other levels around Uc ≃ 9t.
In order to clarify the nature of the phase transition, we
calculate its Chern numbers C↑,↑, C↓,↓ and antiferromag-
netic spin structure factor
S(Q) =
1
Ns
∑
r,r′
eiQ·(r−r
′)〈SrzS
r′
z 〉, (14)
where Q = (pi, pi), Sz = (n↑ − n↓)/2. As indicated in
Fig. 7(c), both C↑,↑ = C↓,↓ and S(Q) experience a sud-
den dramatic jump as the interaction U increases across
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FIG. 8. (Color online) Numerical DMRG results on a cylin-
der with finite width Ly = 2 ×Ny and fixed length Lx = 18
for N↑ = N↓ = Lx × Ny , ν = 2. The evolutions of physi-
cal quantities vs onsite repulsion U , including the absolute
wavefunction overlap F (U), charge pumping ∆Q, spin struc-
ture factor S(Q), and entanglement entropy SL are shown
for (a) Ly = 6, Ny = 3 and (b) Ly = 8, Ny = 4, respectively.
The first-order transition is characterized by the discontin-
uous behavior of these physical quantities at the transition
point. Here the parameters V = 0, t′ = 0.3t, t′′ = 0, and the
maximally kept number of states 2020.
the critical threshold Uc, demonstrating the discontinu-
ous first-order transition. In the Mott regime, the anti-
ferromagnetic order dominates and we obtain the charge
Hall conductance Cq = C↑,↑ + C↓,↓ = 0, as expected.
Meanwhile, the spin gap ∆s = E0(Sz = 1)− E0(Sz = 0)
tends to collapse (here a finite small value is limited by
finite size effects).
For larger system sizes, we exploit an unbiased DMRG
approach to study this phase transition from four dif-
ferent aspects, using a cylinder geometry up to a max-
imum width Ly = 8 (Ny = 4). As shown in Figs. 8(a)
and 8(b), first, we calculate the absolute wavefunction
overlap F (U) = |〈ψ(U)|ψ(U + δU)〉| where δU is a small
finite value (here we take δU as small as 0.05t near the
transition region). For U < Uc (or U > Uc), F (U) has
a large value close to 1, indicating the same structure
of wavefunctions. When U approaches a critical value
Uc
60, F (U) suddenly drops down to a very small value
close to zero, separating two different phases. Second,
we calculate the charge pumping by inserting one flux
θ↑ = θ, θ↓ = 0 from θ = 0 to θ = 2pi, and obtain : (i)
∆Q = 1,∆S = 1 in weak interacting regime U < Uc; (ii)
∆Q = 0,∆S = 0 in strongly interacting regime U > Uc.
Third, the spin structure factor S(Q) is also calculated,
and it exhibits a discontinuous jump near the transition
7Finally, we uncover its entanglement signatures of
quantum Hall transitions61,62. We partition the system
into two halves at the cylinder center and trace out the
right part to obtain the entanglement spectrum ξi (the
eigenvalues of reduced density matrix of the left part)
and entanglement entropy SL = −
∑
i ξi ln ξi. As shown
in Figs. 8(a) and 8(b), for U < Uc, SL is almost a constant
for a given system, indicating that the same topological
properties as integer quantum Hall state. SL starts to
drop at U ≃ Uc, with a discontinuous first-order deriva-
tive ∂SL/∂U due to the change of topology
63. By com-
paring the complete spectra of reduced density matrices
between two ground states, the first-order transition can
be extracted from the discontinuous jump of majoriza-
tion62. Recently, a diagnostic of phase transition driven
by disorder from quantum Hall states to an insulator via
entanglement entropy is also examined64.
The above pictures from both ED and DMRG cal-
culations indicate a first-order phase transition directly
from a Cq = 2 integer quantum Hall state to a Mott
insulator driven by onsite repulsion. We did not ob-
serve any evidence of topological Neel antiferromagnetic
insulating phase in the intermediate interaction regime,
which is consistent with recent studies on the Haldane-
honeycomb lattice from different methods58,59. Further,
with the inclusion of next-next-nearest-neighbor hopping
t′′ = −0.2t, we numerically arrive at the same phase
transition nature as above. For the future work, it would
be interesting to consider the effects of the band flatness
modulated by next-nearest-neighbor hopping t′ and next-
next-nearest-neighbor hopping t′′ on the quantum phase
diagram and phase transition.
V. SUMMARY AND DISCUSSIONS
In summary, we show that two-component hardcore
bosons and fermions in topological lattice models could
host Halperin FQH states at a partial filling of the lowest
Chern band, with fractional topological properties char-
acterized by K-matrix, including the degeneracy, frac-
tional quantized Hall conductance and chiral edge modes.
The role of onsite interspecies repulsion on integer quan-
tum Hall state on the pi-flux checkerboard topological lat-
tice is examined, and shown to lead to a first-order phase
transition from a Cq = 2 integer quantum Hall state to
a trivial Mott insulator for two-component fermions at
integer filling factor ν = 2. Another interesting issue for
two-component hardcore bosons at ν = 2 filling, but not
discussed here, is related to the possibility for a bosonic
integer quantum Hall state34,65–71, which is left for future
study.
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